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It is well-known that the orbital effect of the magnetic field suppresses superconducting Tc. We
show that for a system, which is in the Larkin-Ovchinnikov-Fulde-Ferrell (FFLO) state at zero
external magnetic field, the orbital effect of an applied magnetic field can lead to the enhancement
of the critical temperature higher than Tc at zero field. We concentrate on two systems, where the
in-plane FFLO-state was predicted recently. These are equilibrium S/F bilayers and S/N bilayers
under nonequilibrium quasiparticle distribution. However, it is suggested that such an effect can
take place for any plane superconducting heterostructure, which is in the in-plane FFLO-state (or
is close enough to it) at zero applied field.
PACS numbers: 74.62.-c, 74.78.Fk, 74.45.+c
I. INTRODUCTION
Usually magnetic fields suppress superconductivity.
The enhancement or, at least, recovery of supercon-
ductivity by a magnetic field is a counterintuitive phe-
nomenon. There are two mechanisms of superconduc-
tivity destruction by a magnetic field: orbital effect and
Zeeman interaction of electron spins with the magnetic
field. In the present paper we consider the influence of the
orbital effect of the magnetic field on superconductivity.
The orbital (or electromagnetic) effect of the magnetic
field causes the Meissner currents in superconductors. It
is widely accepted that the orbital effect is always de-
structive to superconductivity.
It is worth noting here that quantum effects of an elec-
tron motion in a magnetic field can result in the ap-
pearance of so-called ”reentrant superconductivity” with
dTc/dH > 0 in layered and isotropic three-dimensional
type-II superconductors1-5. However, even in these cases
the maximal Tc cannot exceed the critical temperature
of the system at zero applied field.
Here we demonstrate that the superconducting critical
temperature (Tc) can be increased by the orbital effect of
the applied magnetic field. The point is that we can have
enhancement of superconductivity if, due to any reasons,
we have the first-order correction (in the magnetic field)
to the condensate wave function. It is well known that
in the standard case there is no first-order correction to
the condensate wave function because the only possible
scalar quantity is divA = 0. The first-order correction
may exist if there is a distinguished vector in the sys-
tem without external field. In this case one can have
another scalar quantity containing the magnetic field in
the first approximation. We have found an example -
the superconducting heterostructure in the Fulde-Ferrell-
Larkin-Ovchinnikov (FFLO) state - where this possibility
is realized. More particular, we show that in a S/F or
S/N heterostructure, which is in the FFLO state at zero
external field, the orbital effect of a weak applied mag-
netic field can lead to the enhancement of the critical
temperature higher than Tc at zero field.
In the FFLO-state6,7 the pairing is realized by elec-
trons with opposite spins, which do not have zero total
momentum anymore due to the Zeeman splitting. There-
fore, the Cooper pair as a whole acquires total momen-
tum k. For the considered here heterostructures the role
of the distinguished vector, discussed above, is played by
the quantity n×k, where n is the unit vector normal to
the bilayer plane.
Experimentally the FFLO-state is usually expected to
be observed for superconductors in an applied magnetic
field if the Zeeman interactions of electron spins with a
magnetic field dominates the orbital pair breaking (sys-
tems with large effective mass of electrons8,9, thin films
and layered superconductors under in-plane magnetic
field10). Now there is a growing body of experimental
evidence for the FFLO phase, generated by the applied
magnetic field, reported from various measurements11-25.
The effect discussed in the present paper does not oc-
cur if the FFLO-state is generated by an applied mag-
netic field. However, there are several types of systems,
where the FFLO-state can be realized without an exter-
nal magnetic field. Here we concentrate on two possible
systems, where the FFLO-state was predicted recently.
These are S/F heterostructures26 and S/N heterostruc-
tures under nonequilibrium quasiparticle distribution27.
It should be noted that in these heterostructures the
FFLO state can occur in the dirty limit and, more im-
portant, for temperatures close to Tc, though usually it
is fragile with respect to disorder and can exist only at
low enough temperatures. It is also worth to underline
that this is the so-called in-plane FFLO-state, where the
superconducting order parameter profile is modulated
along the layers. It should be distinguished from the
normal to the S/F interface oscillations of the condensate
wave function in the ferromagnetic layer, which are well
investigated as theoretically, so as experimentally28–30.
It is worth to note that there are other proposals of the
2FFLO-state without applied magnetic field, where the
discussed here effect could be also related. Among them
a current-driven FFLO-state in 2D superconductors with
Fermi surface nesting31 and a FFLO-state in unconven-
tional superconducting films32.
II. MODEL AND CALCULATION PROCEDURE
Now we proceed with the microscopic calculations of
Tc of the S/F bilayer in the FFLO-state under the applied
magnetic field. As it was shown in26, under the appro-
priate parameters the FFLO-state can be realized in this
system close to Tc at zero applied field. The particu-
lar parameters of the bilayer are given in the caption to
Fig. 1. Let us assume that a weak external magnetic field
H is applied in the plane of the bilayer [(yz)-plane]. We
also choose the vector potentialA = (0, Hzx,−Hyx)+A0
to be parallel to the (yz)-plane. In our calculations we as-
sume that (i) S is a singlet s-wave superconductor; (ii) the
system is in the dirty limit, so the quasiclassical Green’s
function obeys Usadel equations33; (iii) the thickness of
the S layer dS . ξS . Here ξS =
√
DS/∆0 is the su-
perconducting coherence length, DS is the diffusion con-
stant in the superconductor and ∆0 is the bulk value of
the superconducting order parameter at zero tempera-
ture. This condition allows us to neglect the variations
of the superconducting order parameter and the Green’s
functions across the S layer; (iv) we work in the vicin-
ity of the critical temperature, so the Usadel equations
can be linearized with respect to the anomalous Green’s
function.
The retarded anomalous Green’s function fˆR ≡
fˆR(ε, r) depends on the quasiparticle energy ε and the
coordinate vector r = (x, r‖), where x is the coordinate
normal to the S/F interface and r‖ is parallel to the in-
terface [(yz)-plane]. ˆ means that the anomalous Green’s
function is a 2 × 2 matrix in spin space. We assume
that the exchange field in the F layer is homogeneous
h = (0, 0, h)34. In this case there are only singlet and
triplet with zero spin projection on the quantization axis
pairs in the system. In the language of Pauli matrices it
means that fˆR(ε, r) = [f↑(1 + σ3)/2 + f↓(1 − σ3)/2]iσ2,
where σ2,3 are the corresponding Pauli matrices in spin
space. While we only consider the singlet pairing chan-
nel, the superconducting order parameter ∆ˆ = ∆iσ2.
The linearized Usadel equation for the retarded
anomalous Green’s function fRσ , where σ =↑, ↓, takes the
form:
D(∇−
2ie
c
A)2fˆRσ + 2i(ε+ σh)fˆ
R
σ + 2pi∆ˆ = 0 . (1)
Here σh = +h(−h) for f↑(↓). D stands for the diffusion
constant, which is equal to DS(F ) in the superconductor
(ferromagnet).
Eq. (1) should be supplied by the Kupriyanov-
Lukichev boundary conditions35 at the S/F interface
(x = 0)
σS∂xf
R
σ,S = σF∂xf
R
σ,F = gFS (f
R
σ,S − f
R
σ,F )
∣∣
x=0
, (2)
where σS(F ) stands for a conductivity of the S(F) layer
and gFS is the conductance of the S/F interface. The
boundary conditions at the ends of the bilayer are
∂xf
R
σ,S
∣∣
x=dS
= ∂xf
R
σ,F
∣∣
x=−dF
= 0.
In the FFLO-state the superconducting order param-
eter and the anomalous Green’s function are spatially
modulated. We assume that ∆(r) = ∆exp(ikr‖) and
f(r) = f(x) exp(ikr‖). Substituting the modulated
Green’s function into the Usadel equation and solving
it under the assumption, that the anomalous Green’s
function weakly varies across the S layer, we obtain the
anomalous Green’s functions in the bilayer. We calculate
the anomalous Green’s function up to the second order
in the magnetic field. In the S layer the corresponding
zero and first order terms take the form:
f
(0)
σ,S =
ipi∆
E
, (3)
f
(1)
σ,S =
2ieDS
cdSE

f (0)σ,S
dS∫
0
dxkA(x)+
gFS
0∫
−dF
dxf
(0)
σ,F (x)kA(x)
cosh[λσ(x+dF )]
cosh[λσdF ]
σS(λσ tanh[λσdF ] + gFS/σF )

 , (4)
E = ε+ iDSk
2/2 +
igFSDSλσ tanh[λσdF ]
2σSdS(λσ tanh[λσdF ] + gFS/σF )
.
In Eq. (4) λ2σ = k
2 − 2i(ε + σh)/DF and f
(0)
σ,F (x) is
the zero-field anomalous Green’s function in the F layer,
which takes the form
f
(0)
σ,F (x) =
(gFS/σF ) cosh[λσ(x + dF )]
λσ sinh[λσdF ] + (gFS/σF ) cosh[λσdF ]
f
(0)
σ,S .
(5)
The second-order term f
(2)
σ,S of the anomalous Green’s
function in the superconducting layer of the F/S bilayer
takes the form:
f
(2)
σ,S =
2iDS
dSE

Mσ,S +
gFS
0∫
−dF
dxMσ(x)
cosh[λσ(x+dF )]
cosh[λσdF ]
σS(λσ tanh[λσdF ] + gFS/σF )

 ,
(6)
where E is defined below Eq. (4). Mσ,S and Mσ(x) are
the following expressions
Mσ,S =
e
c
f
(1)
σ,S
ds∫
0
dxkA(x) −
e2
c2
f
(0)
σ,S
ds∫
0
dxA2(x) ,
3Mσ(x) =
e
c
kA(x)f
(1)
σ,F (x)−
e2
c2
A
2(x)f
(0)
σ,F (x) , (8)
where the first-order term f
(1)
σ,F (x) in the ferromagnet is
required. It takes the form:
f
(1)
σ,F (x) = Cσ cosh [λσ(x+ dF )]−
4e
c
x∫
−dF
dx′ sinh [λσ(x− x
′)]kA(x′)
f
(0)
σ,F (x
′)
λσ
, (9)
Cσ =
gFS
σF
f
(1)
σ,S +
4e
c
0∫
−dF
dxL(x)kA(x)f
(0)
σ,F (x)
λσ sinh[λσdF ] +
gFS
σF
cosh[λσdF ]
, (10)
L(x) = cosh[λσx]−
gFS
σFλσ
sinh[λσx] .
In the limiting case of fully transparent S/F interface
gFS → ∞ our solution for zero applied field Eq. (3) co-
incides with the one obtained in26.
The critical temperature of the bilayer should be de-
termined from the self-consistency equation
∆ =
ωD∫
−ωD
dε
4pi
Λ
∑
σ
Im [fσ,S ] tanh
ε
2T
(11)
where ωD is the cutoff energy and Λ is the dimensionless
coupling constant.
III. RESULTS
It is seen from Eq. (4) that if A ⊥ k (that is H ‖
k) the magnetic field does not influence Tc in the linear
order. Reversal of the magnetic field is equivalent to
reversal of k. The enhancement of Tc is maximal if k is
antiparallel to A and is replaced by the suppression if k
and A are parallel. Now it is worth to note the principal
difference between A and k. While A is an external
controllable parameter, k is an internal parameter of the
system. Therefore, two different situations are possible:
(i) under applied field the system can adjust the direction
of k in order to reach the most energetically favorable
configuration. Then k tends to be antiparallel to the
vector potential for an arbitrary direction of A; (ii) the
direction of k is fixed by boundary conditions or other
reasons. Then the effect depends on the orientation of the
magnetic field with respect to k and is maximal for their
antiparallel direction. For this reason further we assume
that k and A are aligned along the same direction.
The critical temperature of the S/F bilayer as a func-
tion of (k− 2eA0/c), calculated according to Eq. (11), is
represented in Fig. 1(a). For the considered problem it is
the quantity (k − 2eA0/c) that is gauge invariant, so we
represent the curves as functions of this quantity. Differ-
ent curves correspond to different values of the applied
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FIG. 1. (a) Tc as a function of (k − 2eA0/c) for the S/F
bilayer in the FFLO-state. Tc is measured in units of the
superconducting bulk critical temperature Tc0 and k is mea-
sured in units of ξ−1F =
√
h/DF . H = 0 (solid curve);
H = 0.0022 (dashed); H = 0.0067 (dashed-dotted). (b)
δTc(H)/Tc(H = 0) as a function of the magnetic field. The
field is measured in units of ~c/eξ2S . The other parameters
of the system are the following: dF = 1.2ξF , σS/σF = 0.5,
gFSξF/σF = 10, DS/DF = 0.013, Tc0/h = 0.1, dS = 0.778ξS .
Insert: Tc(H)/Tc0 for superconductivity induced by the field.
dS = 0.769ξS , the other parameters are the same as for panels
(a) and (b).
magnetic field H . The optimal values of the modulation
vector (k − 2eA0/c)opt, corresponding to the maximal
Tc, are marked by points. It is seen that the bilayer
is in the FFLO-state in the vicinity of Tc at zero field.
The curves corresponding to nonzero fields demonstrate
that Tc(H 6= 0) is higher than Tc(H = 0). Dependence
of δTc ≡ Tc(H) − Tc(H = 0) on H is represented in
Fig. 1(b). It is seen that, if the system is in the FFLO-
state at zero field, Tc grows with the applied field near
linearly for weak fields. For the system under consider-
ation the Tc growth is approximately 60% in the given
magnetic field range. We do not consider higher mag-
netic fields because our approximation up to the second
order of the field fails to work and one needs to study the
exact solution. This is the prospect for future work.
It is worth to note here that the plane wave is not the
only possible type of the spatially modulated FFLO-state
at zero field. There can be also stationary wave states
modulated as coskr‖ and also 2D modulated structures.
Simple analysis shows that in the first approximation Tc
of the stationary wave state ∝ coskr‖ is not sensitive
to the field. So, it is reasonable to assume that under
the applied field the plane wave state should be more
energetically favorable than the stationary wave one, at
least close to Tc. Therefore, we only discuss the plane
wave state here.
It is also interesting to note that for a cylinder of a par-
ticular radius, made of material in the FFLO-state, one
can either increase or decrease Tc by applying the mag-
netic flux36,37. But this effect is, in fact, a geometrical
resonance and also does not lead to the enhancement of
Tc higher than Tc for infinite-radius system at zero field.
As it is shown above, Tc of the S/F bilayer in the
FFLO-state can be enhanced by the orbital effect of the
magnetic field. Let us slightly decrease the width of the
S layer in order to completely suppress superconductiv-
ity in the bilayer by the exchange field of the F layer,
4so that the bilayer is in the normal state at T = 0 and
H = 0. Then superconductivity can be induced by the
orbital effect of an external field. This is demonstrated
in the insert to Fig. 1(b), where Tc(H = 0) = 0.
It is worth noting here that we do not take into account
the Zeeman effect of the applied field. While it is quite
reasonable for weak magnetic fields we consider, the Zee-
man effect can become important for higher fields. It is
well-known that it suppresses superconductivity. How-
ever, this suppression can be compensated by creation
of the appropriate nonequilibrium distribution in the bi-
layer, as it was shown in38. So, in principle, it is possible
to observe the discussed effect of Tc enhancement by or-
bital effect even at large enough fields.
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FIG. 2. (a) Tc as a function of (k−2eA0/c) for the S/F bilayer,
which is close to the FFLO-state. Tc, k andH are measured in
the same units as in Fig. 1. H = 0 (solid curve); H = 0.0067
(dashed); H = 0.0134 (dotted). (b) δTc(H)/Tc(H = 0) as
a function of the magnetic field. dS = 0.880ξS , the other
parameters are the same as in Fig. 1. Insert: δTc(H)/Tc(H =
0) for the superconducting film.
Tc of the S/F bilayer can also be enhanced by magnetic
field even if it is not in the FFLO-state, but it should be
rather close to the FFLO-state at zero field. It means
that in the bilayer dTc/dk
2 at k → 0 is negative, but it
is very small. This situation is demonstrated in Fig. 2.
Tc as a function of k is represented in Fig. 2(a). The
bilayer is in the homogeneous state at zero field. In this
case δTc rises quadratically upon increase of the field, as
it is plotted in Fig. 2(b). While there is no first-order
term (in magnetic field) in the anomalous Green’s func-
tion in this case, the second order term [Eq. (6)] contains
two different contributions, one of which is responsible
for the usual suppression of superconductivity and the
other one leads to its enhancement. The last contribu-
tion overcomes the first one if the system is close enough
to the FFLO-state. So, one can conclude that the orbital
effect of the magnetic field can be qualitatively different
for the S/F bilayer and for the conventional supercon-
ducting film, which is not close to the FFLO-state. For
comparison in the insert to Fig. 2(b) we show δTc(H) for
the superconducting film: it behaves in a standard way,
that is decreases quadratically upon increase of the field.
From the analysis of Eq. (4) one can suggest that the
orbital effect of the field should lead to Tc enhancement
for any system, which is in the FFLO-state (near Tc) at
zero field. It is because of the general term ∝ kA39. In
order to illustrate this statement we consider another sys-
tem, where in-plane FFLO-state is possible at zero exter-
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FIG. 3. (a) Tc as a function of (k − 2eA0/c) for the S/N
bilayer under nonequilibrium conditions. Tc is measured in
units of Tc0 and k is measured in units of ξ
−1
N =
√
Tc0/DN .
H = 0 (solid curve); H = 0.01 (dashed); H = 0.02 (dashed-
dotted). (b) δTc(H)/Tc(H = 0) as a function of the magnetic
field. The field is measured in units of ~c/eξ2N . The other
parameters are the following: dN = 0.9042ξN , dS = 0.1205ξN ,
gNSξN/σS = 6.6343, σS/σN = 0.5, DS/DN = 0.04, eV/Tc0 =
0.70453.
nal magnetic field. This is the S/N bilayer under nonequi-
librium quasiparticle distribution27. For this system Tc
as a function of k is represented in Fig. 3(a). δTc(H) is
plotted in Fig. 3(b). Qualitatively the situation here is
analogous to the S/F bilayer: δTc(H) rises near linearly
upon increase of the field. However, this growth is slower
than for the S/F bilayer. The reason is that kopt(H = 0)
is much less in this case. And, in general, the first order
term in the anomalous Green’s function is ∝ kA, so the
smaller the value of kopt, the slower the rate of Tc growth.
IV. DISCUSSION
Now we turn to the qualitative discussion of the ob-
tained result. Why Tc is enhanced by the orbital effect
of the field? In order to answer this question we first com-
ment on why the FFLO-state is favorable in the dirty S/F
bilayer. The Cooper pairs in the considered FFLO-state
∆ ∝ exp[ikr||] have nonzero momentum. For such pairs
in the S/F bilayer there are three main depairing fac-
tors: (i) effective exchange field; (ii) ”leakage” of the su-
perconducting correlations into nonsuperconducting re-
gion (F layer); (iii) scattering by the impurities. The
nonzero momentum correlations are destroyed by non-
magnetic impurities in contrast to the zero-momentum
correlations, which are not sensitive to such scattering
according to Anderson theorem. The depairing factor
(ii) is not of interest for us now, because it practically
does not depend on the momentum of the pair. Which
superconducting state is more favorable (homogeneous or
FFLO) is determined by the competition of the factors (i)
and (iii). From the one hand, the nonzero momentum of
the pair can reduce the effective exchange in the bilayer.
From the other hand, the larger the pair momentum the
stronger the depairing by impurity scattering. The de-
pendence of these depairing factors on k can be extracted
from Eq. (3) because the anomalous Green’s function at
5zero field can be represented as
f
(0)
σ,S ≈
ipi∆
ε+ σheff (k) + iΓ0 + iΓ1k2
, (12)
where Γ0 stands for the ”leakage” of the superconduct-
ing correlations into nonsuperconducting region, Γ1k
2 ac-
counts for the impurity depairing and heff is the ef-
fective exchange field. The dependences of heff and
Γ ≡ Γ0+Γ1k
2 on k are represented in Fig. 4(a). It is seen
that the decrease of the effective exchange in the bilayer
can be quite rapid, so the FFLO-state can be realized
even in the dirty limit.
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FIG. 4. (a) heff (solid line) and Γ (dotted line) as functions
of the pair momentum k. (b) Generalized momentum as a
function of the coordinate x normal to the bilayer. H = 0
(solid line); H = 0.011 (dashed line); H = 0.016 (dashed-
dotted line). The field is measured in units of ~c/eξ2S . The
other parameters of the bilayer as in Fig. 1.
Now let us turn on the magnetic field. Then the mo-
mentum of the pair should be changed by the generalized
momentum k˜ = k − (2e/c)A0 − (2e/c)Hx (for simplicity
we consider the situation of aligned k and A, when the
effect is maximal). This generalized momentum is a lin-
ear function of the coordinate x normal to the bilayer, as
represented in Fig. 4(b). It is seen that the average value
of k˜ is enhanced in the F layer: 〈k˜〉F > (k− (2e/c)A0)opt
and is reduced in the S layer: 〈k˜〉S < (k − (2e/c)A0)opt.
It can be shown that the effective exchange field depends
only on the generalized pair momentum in the F layer
and the impurity depairing takes place over the whole
bilayer, but it is more essential in the superconductor.
Therefore, such a modification of the effective pair mo-
mentum is favorable for the FFLO-superconductivity for
two reasons: (i) it reduces the deparing by the exchange
field and (ii) it reduces the depairing by impurity scat-
tering. Consequently, application of the magnetic field
in the appropriate direction leads to the enhancement of
the critical temperature.
V. SUMMARY
In summary, by the example of the bilayer S/F and
S/N superconducting systems, which are in the FFLO-
state or close to the FFLO instability, we have shown
that the orbital effect of the in-plane magnetic field does
not necessary suppress superconductivity, but conversely,
it can enhance Tc. For weak applied fields Tc grows near
linearly upon increase of the field, if the system is in
the FFLO-state. It is also interesting to investigate if
such an effect takes place for other systems (for example,
unconventional superconducting films32), which can be
in the modulated superconducting state at zero magnetic
field.
The authors are grateful to A.S. Mel’nikov and S.
Mironov for useful discussions.
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